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Two-Dimensional Radiating Gas
Flow by a Moment Method
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Introduction

THE governing equations for multidimensional radiating
gas flow, in general, are of a complicated integrodifferen-

tial form. Thus, no reasonably simple solutions, valid for
the whole range of optical thickness, exist for such problems
at the present time. For the limiting cases of an optically
thin or thick gas, the integrodifferential equations can be re-
duced to a system of differential equations, and earlier in-
vestigations1"3 have been confined to these limits. For one-
dimensional flow problems, Vincenti and Baldwin4 suggested
the use of an exponential function to approximate the integral
term. By this approximation, they were able to obtain a
system of purely differential equations that are valid for the
whole range of optical thickness. Unfortunately, this tech-
nique is not directly applicable to multidimensional flow
problems.

A different scheme of approximation known as the moment
method was first suggested by astrophysicists5 in problems
of transfer of radiation in stars. It was subsequently
highly developed by nuclear physicists6 in dealing with
neutron transport problems. Using this scheme of ap-
proximation, Traugott7 and others8 were able to obtain a sys-
tem of purely differential equations for one-dimensional flow
problems that are valid throughout the whole range of optical
thickness. It can be shown that the first approximation in
this approach when applied to one-dimensional transfer prob-
lems is equivalent to the exponential approximation sug-
gested by Vincenti and Baldwin. In the following, we will
apply this technique to multidimensional radiating-gas-flow
problems.

Basic Equations

We begin by writing down the hydrodynamic equations for
the three-dimensional time-dependent flow. The equations
for conservation of mass, momentum, and energy in indicial
notation are, respectively.
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(2)
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where p, A, p, uiy q< are, respectively, the pressure, enthalpy,
density, velocity components, and radiation heat-flux com-
ponents. In these equations, it is assumed that the effects of
viscosity and conductivity are negligible and that the radia-
tion-energy density and radiation pressure are small com-
pared with the internal energy and pressure of the flow.

If all nonequilibrium effects other than radiation are neg-
lected, the thermal and caloric equations of state for an as-
sumed perfect gas are

P = pRT (4)

h = 7 - 1 p (5)
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where T is the temperature and 7 is the specific-heat ratio,
which is assumed to be constant.

If we further assume that the gas is in local thermodynamic
equilibrium, the radiation-transport equation for a gray gas
as given by Chandrasekhar5 is

_i_~~ •> . , I // -T— — —Oil
C Ot OX,-

(6)

where a is the absorption coefficient, c the speed of light, cr
the Stefan-Bolzmann constant, T the temperature of the gas,
7(r,Q) the specific radiation intensity, which is a function of
the position vector r and the directional vector Q, and the
It's are the direction cosines of vector Q with respect to co-
ordinates Xi. Owing to the magnitude of c, the first term in
Eq. (6) is always much smaller than other terms and there-
fore can be neglected even for time-dependent situations.

The radiation heat flux and the radiation intensity are re-
lated by the integral

= f
j o (7)

where d£l is an element of solid angle.
Equations (1-7) are the governing equations for radiating

gas flow. If we substitute Eq. (7) into Eq. (3), it is readily
seen that the governing equations are of integrodifferential
form. Exact solutions for multidimensional radiating-gas-
flow problems are therefore difficult, if not impossible, to ob-
tain.

Approximate Radiation-Transport Equations

The moment method has been widely used in neutron-trans-
port theory to approximate the exact transport equation by a
finite number of moment equations. In the following, we
shall use this technique as applied to multidimensional radiat-
ing-gas-flow problems.! To this end, we first introduce the
moments of intensity as follows:

(8)

Inxix.(r) =/r(r>Q)Zt.(W»-1dQfor n >
The first three moments have physical significance. This
can be seen by noting that the radiation energy density ur,
heat flux vector qt, and radiation pressure tensor p,,, are
given by

ttr(r) = (1/c) yV(r,Q)da (9a)

(9b)

(9c)
For the special case when the gas is in radiation equilibrium,

Eqs. (9a) and (9c) immediately yield the relation

Pa - (ur/S) 8i3 (10)
where 8ij is the Kronecker delta. It follows from Eqs. (8)
and (9) that

ur(r) = 70(r)/c (lla)
qt(i) = 7i*(r) (lib)

pt7(r) = (He)

t The procedure we follow here is essentially a generalization of
the one-dimensional moment method presented by Krook,9
Eddington,5 and Traugott.7 An alternative treatment of the mo-
ment method can be found in Ref. 6.
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Thus, the first three moments are proportional to the radia-
tion energy density, radiation heat flux, and radiation pres-
sure tensor, respectively. Integrating Eq. (6) (with dJ/cdt
neglected) over the complete range of solid angle and noting
that T is independent of Q, we have

X. J

Similarly, multiplying Eq. (6) by various powers of the direc-
tion cosines k (i = 1,2,3) and integrating, we also have

b/2./dz,- = - (i = 1,2,3) (12b)

The infinite set of moment equations (12) and the exact
transport equation (6) are completely equivalent. We can,
however, use a finite number of these equations to approxi-
mate the exact equation. In this case, the number of un-
knowns are usually more than the number of equations. In
order to obtain a determinate set of equations for the nth
approximation, we have to express the nth moment in terms
of lower moments. This can be done as follows. Let the
radiation intensit}^ be expanded in a series in terras of normal-
ized spherical harmonics:

i(r,a) = Y YZ—i Z—j
l = Q m= — I

(13a)

where Aim's are functions to be determined and Yim(£l)'s are
the normalized spherical harmonics, each of which being re-
lated to the associated Legendre function Pim(cosO) by

(13b)

The nth approximation follows when we terminate this
series after the term with I = 2n — 1. It is shown in neu-
tron-transport theory6 that the first approximation is suf-
ficiently accurate for a number of problems. For our pur-
pose, therefore, we shall limit ourselves for the present to
the first approximation. To this end, we let A™ — 0, for
Z > 2. If we substitute the truncated series into the first
three moments of the intensity and use the orthogonal prop-
erties of spherical harmonics, it can be shown that

/o(r) = 2(7r)1/2 A0°(r) (14a)

/2**/r) = f(ir)1/2Ao°(r)3<,- (14b)
where 6,̂  is the Kronecker delta. It follows from Eqs. (14)
that

= [/o(r)/3R, (15)

In view of Eqs. (11) and (15), the radiation pressure tensor is

(16)
Comparing Eq. (16) with Eq. (10), it follows that the first
approximation in effect assumes that the quantities p^ and ur
are related in such a way as if the gas were in local radiation
equilibrium. Making use of relations (lib) and (15) in
Eqs. (12a) and (12b), we can now replace the exact transport
equation by the following equations in the first approxima-
tion J:

= -o/o + 4CK0-774

(i = 1,2,3)

(17a)

(17b)
If Jo is eliminated from these equations, we obtain the
following approximate transport equation in terms of q<:

da;,-
(18)

J These equations can be obtained by another approach known
as the spherical harmonic method.9

Note that Eq. (18) reproduces the well-known thick-gas (due
to Rosseland10) and thin-gas approximations when a is large
or small. Equations (18) or (17), together with the hydro-
dynamic equations (1-5), constitute a determinate set of
purely differential equations for radiating gas flow.

Linearized Equations for Two-Dimensional Steady Flow

We now obtain the linearized approximation to the fore-
going equations. To this end, the assumption is made that
disturbances, measured from some reference condition that is
in radiation equilibrium, are small. If the disturbance
quantities are denoted by primes and the subscript zero de-
notes the equilibrium reference condition, the dependent
variables are then given by UL = UQ + w/, u2 = u^', p =
Po + pr, a = a0 + a't q* = g/, etc. Substituting these
variables into the governing equations (1-5) and (18) and
proceeding with the linearization in the usual fashion, we ob-
tain for two-dimensional steady flow

(19)

i = 1,2) (20)

= 0 (21)

(22)

(23)

dp'
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hf =

(i = 1,2)

(24)

We now introduce a perturbation velocity potential </> such
that Ui = d<£/do;;. Equations (19-24) can then be reduced
to a single equation in terms of $. For this purpose, we first
differentiate Eq. (22) with respect to xi and make use of
Eqs. (19) and (20) with i = 1 to obtain

(25)

where MQ is the Mach number based on the reference equilib-
rium condition. Eliminating h between Eqs. (21) and (23),
we have, with the aid of Eqs. (25) and (20) with i = 1,

. , „ (26)

By differentiating Eq. (26) with respect to Xi and using Eqs.
(24), we also obtain

PoW 160-ro3

3a0
2 (T - da;,- (i = 1,2)

(27)
where __

Substituting Eqs. (27) into Eq. (24) with i = 1, we obtain
finally, with the aid of relation (25),

= o (28>
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where

K = 16

(T -
which is called the Boltzmann number.

If we proceed in similar fashion from the one-dimensional
unsteady-flow equations, it can be shown that the linearized
equation with a coordinate system fixed relative to the un-
disturbed fluid is§

(29)

where

WTt

16ya0

a0 is the isentropic speed of sound and N&0 =
(7 - DaTV].

Equations (28) and (29) are the governing differential
equations in terms of the velocity potential for two-dimen-
sional steady flows (coordinate system fixed in the body) and
one-dimensional unsteady flows (coordinate system fixed in
space) with a small departure from radiation equilibrium.
It is seen that they are both of fifth order. Unlike the situa-
tion in classical equilibrium-flow theory, however, the struc-
ture of these two equations is inherently different. This is
as would be expected because of the directional properties of
radiation intensity. The relationship of the equations to
those of classical theory is apparent: In the limits of a very
cold gas (Nno -*- °°), a transparent gas (ctQ -> 0), or an opaque
gas («o —*• °°), Eqs. (28) and (29) reduce to the classical equa-
tions. For the limiting case of a very hot gas (Ns0 —*- 0),
they also reduce to the classical equations but with the isen-
tropic speed of sound replaced by the isothermal speed of
sound. The author has been able to apply the linearized
equations (29) and (28) to problems of wave propagation and
flow over a wavy wall. The results will be presented at a
later time.
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Evaporation Coefficients from
Exposure of a Solid to Laser Radiation

S. S. PENNER*
University of California at San Diego, La Jolla, Calif.

THE theoretical calculation of ablation rates in an intense
radiation field is generally a complicated problem, be-

cause it involves the interaction of various relaxation phe-
nomena (melting, sublimation or evaporation, ionization),
effusive flow or "explosive blowoff" in a complex geometry,
and radiative energy transfer. However, under suitable
exposure to a laser beam, these processes are effectively
decoupled, and a simple phenomenological description is
possible for the expected linear regression rate.

Typical relaxation times in the solid phase are of the order
of the reciprocal frequency of an equivalent Einstein or Debye
oscillator, i.e., of the order of 3 X 10~13 sec. These time
estimates indicate that a meaningful temperature can be
defined, within a volume element containing very many
atoms, on exposure to an intense laser beam with duration
longer than about 10~9 sec.

For a subliming solid, the linear regression rate (dx/dt) is
given by the expression1

where je ~ v exp( — Ah/kT) is the evaporation or sublimation
frequency, n is the number of atoms or molecules per unit
volume in the solid phase (i.e., n = p/m), ps is the saturation
vapor pressure at the temperature T7 of the solid with density
p, m is the mass per atom, k stands for the Boltzmann con-
stant, v is the frequency of the Einstein oscillator correspond-
ing to the solid, and A^ represents the heat of evaporation
or sublimation per atom or molecule. The upper bound in
Eq. (1) corresponds to the limit set by the Knudsen equation
with unit evaporation coefficient 3C. This bound may be
made explicit by assuming the validity of Trouton's rule.
Thus ps ~ pQ exp(—Ah/kT), where the constant pQ may be
evaluated conveniently by assuming that ps = 1 atm at the
normal boiling point T = Tb. Hence, ps ~ 2.2 X 1010

exp(—Ah/kT) dyne/cm2, where we have set Ah/kTb = 10,
and

v/n11* < 2.2 X lQw(l/p)(m/2TrkT)1/2exp(-&h/kT)

Representative estimates of the Knudsen limits (with an
evaporation coefficient of unity) for the linear regression rates
of metals and stable compounds near the normal boiling-
points lead to values of a few centimeters per second, i.e.,
evaporation is unimportant during radiant-energy input for
laser pulses with a duration of less than about 10~3 sec.

The evaporation coefficient may be defined by the rela-
tion

(dx/dt) [a
(2)
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